Introduction
We consider the initial value problem for the 2D Boussinesq equations with vertical viscosity and vertical diffusivity (1.1) in modeling dynamics of geophysical flows for which the vertical dissipation dominates such as in the large-time dynamics of certain strongly stratified flows (see [13] and the references therein).
This paper aims at the issue of whether (1.1) possesses a global solution for every reasonably smooth initial data (u 0 , v 0 , θ 0 ). We first provide some background and review closely related results.
( 
which is hard to handle due to the lack of dissipation and diffusivity in the horizontal direction. If we make the assumption that the vertical velocity v satisfies
We remark that the condition in (1.4) is a regularity criterion (or blowup criterion). We leave the details to Section 3. Invoking the logarithmic Sobolev inequality (see [3, 7] )
( 1.5) we can replace the assumption in (1.4) by
We do not know if (1.6) holds at this moment. What we are able to show is that, for any r 1 and
is an exponential function of r and T . This bound is proven in Section 2.
If we add to the equation for θ an extra dissipative term (− ) δ θ with > 0 and δ > 0, then the resulting equations can be shown to have a global classical solution for any sufficiently smooth initial data. That is, the following system of equations
is globally well-posed for smooth (u 0 , v 0 , θ 0 ). This is established in Section 4. We take this opportunity to mention a few recent papers on the 2D Boussinesq equations with fractional dissipation. In [10] and [11] Hmidi, Keraani and Rousset showed the global well-posedness of the EulerBoussinesq system with critical dissipation, namely (1.7) with ν = κ = 0, = 1 and δ = 1/2 and of the Boussinesq-Navier-Stokes system with critical dissipation. In [15] Miao and Xue established the global regularity of the 2D Boussinesq equations with fractional dissipation and thermal diffusion whose total fractional power is greater than or equal to 1. Some other interesting recent results on the 2D Boussinesq equations can be found in [1, 5, 6, 8, 9] . 
A bound for the vertical velocity in Lebesgue spaces
This section establishes a global bound for the vertical velocity v of (1. 
and, for any q 2,
In particular, for 2 q ∞, 
To further the estimate for p, we take the divergence of the first two equations in (1.1) to get Applying Gronwall's inequality and recalling the L 2 -bound in (2.2), we obtain the desired inequality in (2.1). 2
Conditional global regularity for (1.1)
This section establishes the following global regularity result. 
The proof of this theorem is divided into two major parts. The first part establishes the H 1 -bound and the second part provides higher-order estimates. We will need the following lemma from [3] .
Lemma 3.2. Assume that f , g, g y , h and h x are all in L
Proof. Adding the inner products of the first equation in (1.1) with u and of the second equation with v and integrating by parts, we obtain
where
To estimate I 1 , we apply Lemma 3.2 and Young's inequality to obtain 
where y .
By u x + v y = 0, integration by parts and basic inequalities,
(3.8)
By integration by parts,
(3.9)
By Lemma 3.2, 
Gronwall's inequality then yields the desired result. 2 
Higher-order bounds
We split the right-hand side into several terms and estimate each of them separately. In a similar fashion, we can also show that
